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ON THE CONTROL OF SYSTEMS WITH ELASTIC ELEMENTS *

L. D, AKULENKO and N, N. BOLOTNIK

Certain problems are examined of the control of the plane rotation of a rigid body
(a flywheel) by means of an elastic rod (a shaft) at whose end a bounded moment of
forces is applied. The main control requirement is the lessening or extinguishing
of the flywheel's elastic vibrations at the end of the rotation process. The case
of large torsional rigidity of the shaft, being of practical importance, is investi-
gated and estimates of the residual vibrations are presented. The principal purpose
of the investigation is to find certain simple practical solutions of control prob-
lems for mechanical systems containing elastic components, using forces concentrated
at an endpoint. Problems of optimization and control of vibratory processes in mech-
anical systems by using lumped and distributed forces, leading to the consideration
of hyperbolic equations, have been investigated in /1 — 6/ and elsewhere.

1. Statement of the problem, We examine a homogeneous elastic rod (shaft) of
constant cross-section, which can be turned around an axis 0X,
being the axis of symmetry. A controlling force moment is applied

) at the left end of the shaft (z = 0) and an absolutely rigid body,

\ a flywheel, is attached at the right end (z =1 (see Fig.l).
X A \ Notation: ¢ (¢, ) is the angle of rotation of the shaft's cross-

C;}Mh» 15} : section at a distance z from point O at instant ¢/ is the linear

J \/
|

density of the shaft's moment of inertia relative to the axis of
/ symmetry; J is the moment of inertia of the flywheel rigidly at-
J tached to the shaft; ! is the shaft's length; ¢ —=—const is the
torsional rigidity /7,8/; M () is the controlling moment. It is
assumed that at the initial instant ¢ = 0 the system is at an
equilibrium position and at rest. Its motion is described by the
differential equation with initial and boundary conditions /1,8/

Fig.l
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The problem is posed of choosing a controlling moment M (f), bounded as in (l.1), which permits
the system to be turned through a specified angle @, in a finite time I, all vibrations hav-
ing been annulled, i.e., of bringing the system (1l.1) to the state

(T, 2) =9, 09(T,2)/0t=0, 2= 10,1] (1.2)

The instant T in (1.2) is not fixed in advance but is found during the solving of the problem.
It can be determined by prescribing additional requirements, for example, optimality in accord
with some control performance criterion /1—4/, or by other means /6/.

To investigate the control problem (1.1), (1.2) posed it is convenient to pass to dimen-
sionless variables and parameters by using the relations

. c N\ , r , ¢ ’ ¢
t ==(7;7) L =g O =37 P =57 P (1.3
M (t)

My

Here J, is some parameter characterizing the system's moment of inertia and equal, for inst-
ance, to J or to Jl or to their sum. We note that (l1.1) contains two typical quantities hav-
ing the dimensionality of frequency. The quantity (c/ (Jol))/» characterizes the frequency of
the system's natural oscillations, while (M, / J)/: characterizes the angular rotation velocity.
It is further assumed that their ratio is a gquantity of the order of unity. Then from (1.3)

it follows that the coefficient of ¢, equal to c/ Myl, also is of the order of unity. As
a result of changes (1.3) the control problem (l.1l), (1.2) is reduced to (henceforth the prim-
es are omitted)

24 2
2T g0n=20D o HED_ . TehD 00 _ oy, (M <
‘P(Toz):CPm 5CP(TyI)/5t=0, z < [0, 1]

M (t) =

€ (1.4)
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Here & —~ I{Jy™' and 1 = JJ,™! are numerical parameters characterizing the relative mangitudes of
the moments of inertia of the shaft and of the flywheel, respectively. A control problem of
form (1.4) also describes the translational movement of an elastic rod { a distributed spring)
in the direction of its longitudinal axis. It is assumed that a lumped force is applied to
one of the rod's ends and that an absolutely rigid body is inflexibly attached to the other.
In this case ¢ (4, 2) is the absolute displacement of the rod's cross-section, r is the cross-
section's relative coordinate, ¢ is time, M (f) is the magnitude-bounded force along the axis
OX, I is the rod's line density, J is the rigid body's mass, ¢ is Young's modulus /7,8/, ¢,
is the prescribed distance by which the system as a whole must be moved with vibrations ex~
tinguished. The parameters J,, ¢, p have similar meaning.

2, Turning of an elagstic shaft., we consider first the case when the shaft does
not load the flywheel, i.e., J == (. This corresponds to the zero value of parameter p. Set-
ting Jo = Il (¢ = 1), we construct a solution ¢° of boundary-value problem (1.4) for o =0.
This problem contains an inhomogeneous boundary condition when z = 0. To construct a solu-
tion of the inhomogeneous boundary-value problem we use the approach suggested in /9/. It is
well known that the eigenfunctions ¢, (z) corresponding to a homogeneous boundary-value problem

have the form @, (z) = cosanz(n=0,1,2,...)/8/. We seek the solution of problem (1.4) as the
series . g
(£, x) = D) Cp(t) cos mnzx (2.1)
n=0

Because the system of functions cos sinz, z e [0, 1] is orthogonal, the coefficients of series
(2.1) are

1 1
Co(t)=gtp°(t,1)d1, Cn(t)=2s(p°(t,x)cos:mzdx, n>1 (2.2)
] o

Having multiplied both sides of differential equation (1.4) by cos mnz and integrated with res-
pect to z, z e [0, 1], after simple manipulations we obtain the relations

1 1
62 o o ) »
o S 9° (¢, 7) cos iz dz = f?l;:'—i) cosan — ST B o S ¢° (¢, x) cos nnx dzx

0 0

Allowing for the boundary conditions and for expressions (2.2), from the relations deriv-
ed we find the equations for the coefficients of series (2.1) and the corresponding initial
conditions

Co" =M(@), C,” +an®C, =2M (), n. | (2.3)
Co0) =Co (0) =0, n=0,1,...

Using (2.1) and (2.3), for the variable ¢ we obtain the desired solution of boundary-value
problem (1l.4) with p =

t o t
Ot ) = S(t—T)M(T)dT+ Z[%S sinmz(tv-c)M(r)d-c}cosnnx (2.4)
0 =1 0

If function M (t) is piecewise continuous and smooth on the intervals of continuity, series
(2.4) converges absolutely and uniformly. The first derivatives of function ¢° are mean-square
convergent /8/. We note that the first summand in (2.4) is a solution of the ordinary differ-
ential equation ¢ = M (f) with conditions @ (0) = ¢  (0) = 0. It describes the motion of an ab-
solutely rigid body with moment of inertia Il = 1, rotating around the axis OX under the force
moment M (f). Thus, the first summand corresponds to the turning of the shaft as a whole. The
second summand (the series) describes the elastic torsional vibrations.

Let us consider a control M (f) of the form

M) =asign(T/2—1), t=(0, 7] (2.5)
M@=0 t=[0,T] 0<a<1
Here o and I are constants; their values are determined below. We substitute M (t) from (2.5)

into (2.4) and integrate. For ¢° and g¢°/ 9t at instant ¢ =T we obtain the expressions

(2.6)

n
2cos—nT — 1 — cos a'mT) cos iRz

o7 2a - 1
+ = F(
n=1

(po (Tv 'T) = 2

7
4

ap° (T, x) _ 2u

1 5. PR ¢
fmid — (sin ninT — 2 sin —-nT
= - - ( 5 cos tnx
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From {2.6} it follows that when T = 4m, where m is an integer, the series equal zero and the

identities
identiti oI o) =al* /4 op(T.n)/0t=0, zI[0,1] (2.7)

hold. 1In order to satisfy the final conditions from (1l.4) the parameter @ and the integer m
in (2.7) must be chosen so as to fulfil the relations

dam® = @, a <1 (2.8)
From (2.8) it follows that m > 1/;]/&, while the set of integers m is determined by
m=mi:1/2‘/;t+i_1ri=l) 21"--: if {1/2‘/-6;} =0 (2.9)

me=m=0hVol+i i=12 ..., if V)0
Here {k}and [k] denote the fractional and the integer parts of number %, respectively, The val-
ues of control parameter « are determined from (2.8) and (2.9)
a=Yom i=12 .. {2.10)

.

Thus, from {2.7)-(2.10) it follows that by using control (2.5) we can in finite time T = 4m;
turn a homogeneous shaft through a prescribed angle @, having stopped all its vibrations. We
remark that an analogous means of constructing admissible control (2.5) with one switching
point was used in /10/ in the study of a pendulum displacement problem,

From (2.9) and (2.10) it follows that the value m = Mm,, corresponding to the least pos-
sible shaft turning time with annihilation of vibrations when using controls of form (2.5),
equals m* =Y,V o, if {1V ¢y} =0 and m, =[Y,V e l+1 if (Y, ¥V 9.} = 0. The corresponding
value of turning time 7, is detexrmined by the relations

2V o, ChY o) =0 (2.11)
A Vo +4 Vel 0

T, =4m, =

% 3
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Fig.2
In Fig.2 the solid lines show the graph of T, as a function of shaft turning angle @, We

observe that according to (2.11) the minimum dimensionless time T, is not less than four for
an arbitrarily small ¢, > 0. An analogous property was noted in /11/ in the investigation of
the finite control problem. The dashed lines show the graph of the function o (¢,) = [T, (¢,) —

2]/'6;] 12 lf(p:), exhibiting the relative difference between the turning time T, for the elast-
ic shaft and the least possible time 2} ¢, viz., the time-optimal fast for the turning of a
rigid body with a moment of inertia equal to [,

1f using (1.3) we go back to the dimensional variables, expression {(2,11) for the least

turning time T, under control (2.5) becomes

P { 2 (g, | Moys, (a (e, 1 (Mol)y/s) = 0 (2.12)
* T LAVTETe (P2 (cu / (MY 1+ 1), {Ma(eqy / (M) 0

For the exact solution constructed above for the control problem it proves possible to study
Ty from (2,12) for arbitrary values of the parameters. In particular, 7T,-— 2 (Ily,/ M,y as
¢ - co. This signifies that the minimum time 7, for turning an elastic shaft through any speci-
fied angle @, with vibrations damped out, tends to a minimum as the rigidity ¢ grows un-
boundedly, i.e., to the turning time of an absolutely rigid body.

3, Investigation of the control problem in the case of regular perturba-
f1ions, Let us study the control problem (1.1), (1.2) under the assumption that the flywheel's

moment of inertia is small: J<£ Il and,.that its influence can be treated as a perturbation.
Then, setting J, = Jl, we arrive at a control problem (1.4) in which &= {and w<€i. 1In
this case, under a control (2,5) for which the parameter o is defined by (2.10), small residual
vibrations A¢ = ¢ — ¢° appear when ¢t >7T,. To estimate Agwe construct the solution of
problem (1,4) in the form

9 = ¢° (¢, 2) + pe', A = pg' (3.1)
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Here ¢°(t,z) is solution (2.4) of problem (1.4) with p == 0 under a control M (f) of form
(2.5). Substituting (3.1) into (1.4) and retaining terms of the first order of smallness in
u, we obtain a boundary-value problem for function ¢!

Pgr ot At (0, xy (3.2)
= 00 = —5r—==0
Ol (1 0) dpl(t 1) _#° 1, 1)

or _O’ ox - AF“)’ F(t) - o (3.3)

No final conditions are imposed on ¢! since we are studying the problem of estimating ¢' for
t>T. We observe that boundary-value problem (3.2), (3.3) is analogous to problem (l.4).
Using the approach in /9/, applied in Sect.2, we obtain the required expression of form (2.4)

for the variable ¢! (f, x) .

@ (t, ) = —S(t—»r)F(r)d-r—v (3.4)

]
~ 3
2 Z [S:ﬂ_:‘)_ S sinnn(t — ) F (1) d‘!] o8 nnx
=1 ¢

Differentiating {3.4) with respect to {, we obtain
t

Agr (e, 1) _ S F (%) dt —

dt

(3.5}

o

~

SV

n=1

cosan(t — T} F (1) d'c] €08 INT

Sty

Let us estimate expressions (3.4) and (3.5) for t> T, where T ==4m,;. Since F(i)== 0 for
t > T, the integration with respect to v in (3.4) and (3.5) is from ¢ to T. After the sub-
stitution of F () from (3.3) into (3.4) and integration, the first summand becomes (for ¢ > T)
! T
" Y o al?
—\t—9F@di=—\(t - FE)dr=—¢°hT = — 5~ (3.6)
i i

By direct integration we find that
T
ﬁsinmz (=0 F(t)ydt=0, t>T
0
Thus, the second summand (the series) in (3.4) equals zero. As a result it follows from (3.4)~

(3.7) that @' (t,z) = —al?/4 — const, dg*{t.2)/dt=0, (7T

=

(3.7)

Consequently, when ¢t > T
@, z) =Yal*(1 —p) + 0@, ¢z =0(@uH
4, Investigation of a singularly perturbed control problem, Let us consider

the limiting case of practical importance when the flywheel's moment of inertia J is much great-
er than that of the elastic shaft when the latter's torsional rigidity is sufficiently large,
ise., I>1I1 and ¢~ M,. Such a situation obtains in many engineering systems. Setting J,--

J {n = 1, e<' 1), we reduce boundary-value problem {1.4) to the form

o2 0% 1t Ap (U =) 4.1
“(,T‘§‘=a—::* € ms s (p((),z):--—?-(ﬁi—:() (4.1}
Jo(t 1) it 1) g (8,0)

o = — Fr == — M (t)

Direct verification convinces us that the function

t
P =qo(t,z) =M ()1 — 1)+ {(t — ) M () dv (4.2)
L'}

is a solution of (4.1) when g = ( and satisfies the boundary conditions at z = Q and z ==1.

We note that at z = 1 the function Qo from (4.2) satisfies the initial conditions at t =0 as
well. Consequently, the variation of the rigid body's angular coordinate is determined by ex-
pression (4.2) with z =1 ¢

Qots 1) =§(: — )M (v)de .

Function @, (¢, 1) coincides with the solution of equation ¢” (f, 1) = M(f) under zero initial con-
ditions, describing the rigid body's rotation around a fixed axis OX under the action of the
force moment M. Thus, when & = (0 the motion of the flywheel located at the end of an elastic
rod coincides with rotation in the case when the force moment is applied directly to the body.
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This fact has a simple physical interpretation. An infinitely large velocity of propagation
of the elastic forces along the shaft corresponds to the parameter value g = (. From (4.3) it
follows that to solve the problem of turning the flywheel through a prescribed angle ¢, when

e =0 it is sufficient to select a control M, (f) not exceeding unity in absolute value, such
that the equalities T

o(T,1)=S(T—'t)M(1:)d1:=(p*, Yl _ SM(t)dt-:O (4.4)
0

o
are fulfilled at some instant T.
Let M, () be a function satisfying (4.4) and identically equalling zero outside the in-
terval [0, T]. Let us investigate the motion of system (4.1) with e==0 and control M =
M, (1). We seek the solution of boundary-value problem (4.1) in the form

® =@ (¢, 7) + O (4.5)
where @, (¢, z) is determined by (4.2). Substituting (4.5) into (4.l1), we obtain a boundary-

value problem for @
”%2:;?=32® eM," () —2) — M, (1) (4.6)

@O0,z =—M,(0)(1 —2z), oD (0,2)/dt=—M 01 —2)

oD (t, 1)/ 0z = —3*D (¢, 1) / 31, 0D (¢,0)/ 9z =0
Passing in (4.6) to a new variable Y

P =@ — Yoe (1 + &) 122M, (1) (4.7
we obtain a boundary-value problem with homogeneous boundary conditions

9t 1 9 v 2 (4.8)
m M, Ty — M=) =M
v 0,2) = — M, ) [ (1 =0+ 57557 ]

== MO T te )
o (0, ) . ex?
e == MO [ =0+ ]

o (t, 1)/ 0z = —e o™ (¢, 1) / 822, oY (?, 0)/dz =0

Using the Fourier method /8/, for vy (f, z) we obtain the expression

(t,2) = — My () (1 — ) e+ o)ta] — (4.9)
s SM ()t — 1) dv +-

ZVEcoskﬂx J
ZWSSIH—V_—;U—T AM (T)dT

Here A, are the eigenvalues of the corresponding boundary-value problem (4.8), i.e., are the
roots of the equation

=1

etgh =LA, A=A,n=12,... QA 1=0(m?, n—> o) (4.10)
On the basis of (4.7) we obtain a solution of boundary-value problem (4.6)
e ¢ (4.11)
D)= M (1) (3 —1) — 75 S(t—t)M*(t)dr-}-

t

, I2(t) = 831n7:t—t)ﬂl (t) dv

=y 2V el & (t) cosh z
n n

A, (e --cost},)
n=1

According to (4.11) with respect to time ¢ derivative of @ equals

t
e M, (4.12)
z;t z) =M, (t)(x—1)— 1ie SM*(T)d1+
0o
>y 27, Bt €05 Ay !
Z :—F:.os’l. I’ Jat ()= Scos—(t—'T‘M (7) dv

=

Let us estimate the integrals I.2() and J,2(f) in (4.11) and (4.12). We assume that M, (8} is
piecewise-continuous and piecewise continuously differentiable on the set of continuity. Let

t(i=1,2,...,N —1) be the points of discontinuity of M, () or of its derivative on the in-
terval 0,7), t, =0, tvn = T. Then the coefficients I,®(f) can be given as
r(t)-1 tis1 (4.13)

I2(t) = Z S smT/—:(t——t YM, (t)dt +

i=0 ¢
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Slsin a t M d
—=({f— 1T){ T)at
elt =) My (3)
17‘
Here r () denotes the maximum index on the points ?; of discontinuity of M,() and M, (1),
where t; <{f. Integrating each summand in (4.13) by parts, for (> T we obtain the estimate
N—1
Ve (4.14)
TEA A= Y M (Ga = 0)| M 4 O

=0

[ 122 ()] <<

sup | M, ()T

tesfo, TI\Q

Here we have reckoned that M, (f) =0 when ¢t > T; by Q we have denoted the set of points of dis-
continuity of M_ () and M/ (f). The estimate for coefficients J 2()

; (4.15)
[ T8 0) | << Vedh, ™

is proved similarly to (4.14).
Proceeding from relations (4.11)— (4.15) let us estimate the values of the function
@ (t, 1)and of the derivative 4@ (¢, 1)/t when ¢>0. From (4.11) and (4.14) we have an esti-

mate for the coefficients in the series in (4.11) when =z =1
2Vel,f eosh, | | 2eValPwysink, | 204 (4.16)
Ao+ coshy) | A2 (e+cos?h,) \Tn_“
From the property of convergence of series with terms 1,72 == 0 (n"®) (see /12/) follows
® 1) —0(E), teI0, ) (4.17)
By an estimate analogous to (4.16) it can be proved that
ol (1, 4) 1 6t = 0 (&), te 10, o) (4.18)

According to (4.5) the function @ (¢, 2) describes the difference of the motion of a system
controlled by moment M, (f) for an arbitrary value of parameter ¢ (0 <Ce< 1) from the motion
when ¢ = . The function @ (¢, 1) describes the difference of the motion of the rigid body
(the flywheel), allowing for a small inertia of the rod (the shaft), from the motion with an
inertialess shaft. Estimates (4.17)and (4.18) show that the difference is a quantity of the
order of &€ in the turning angle and a quantity of the order of VE>in the turning velocity on
the whole time interval te=[0, o0). This enables us to conclude that if the elastic rod's mom-
ent of inertia is small in comparison with that of the rigid body, the control law can be cal-
culated by setting & --(. The error thus obtained is small (in the sense of (4.17) and (4.18)).
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